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1. Introduction

In this paper, we present an operator splitting method for the numerical solutions of the Degasperis-Procesi equation [19]
U + 313Uy — Uger + AUl = Syl + Ullyry. 1)

Degasperis and Procesi [19] studied a family of third order dispersive nonlinear equations

U — OCZUXX[ + PUxxx + Collx = (Cl u? + CZH)% + C3uu)<x)x7 (2)
with six real constants ¢y, c1, 2, €3, 7, % € R. They found that there are only three equations were asymptotically integrable,
i.e. the Korteweg-de Vries (KdV) equation (o = ¢, = c3 = 0), the Camassa-Holm (CH) equation (¢; = —;% ,¢; =%), and one
new equation (c; = —%,cz = c3), which is named the Degasperis-Procesi (DP) equation later on.

The Camassa-Holm equation
U + 202Uy — User + ULy = Ul + Ul (3)

was first derived by Fokas and Fuchssteiner [24] as a bi-Hamiltonian system and then has attracted considerable attention
since it was derived as a model equation for shallow water waves in 1993 [4]. The Camassa-Holm equation has been shown
to be completely integrable [5]. Explicit form of multipeakon solutions for the Camassa-Holm equation was found by Beals
et al. when k # 0 [2]. An approach based on the inverse scattering transform method (IST) provides an explicit form of the
inverse mapping in terms of Wronskian [15].

The Degasperis-Procesi equation only differs from the Camassa-Holm equation by coefficients. Degasperis et al. proved
the integrability of the DP equation by constructing a Lax pair and a bi-Hamiltonian structure [18]. These two equations
share some common properties. They both can be viewed as the models of shallow water waves [4,5,31,16]. When k # 0,
the Camassa-Holm equation is related to the AKNS shallow water wave equation by a hodograph transformation [41],
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and the Degasperis—-Procesi equation is related to the Hirota-Satsuma shallow water wave equation by a similar hodograph
transformation [37]. By use of the above findings, Matsuno obtained the multisoliton solutions of the DP equation when
K # 0[37,38]. When k = 0, both the CH and the DP equations have multipeakon solutions, the explicit form of multipeakon
solution of the DP equation was found by Lundmark and Szmigielski by solving an inverse scattering problem of a discrete
cubic string [34,35]. Furthermore, the peakon solutions for both the CH equation and the DP equation are orbitally stable
[17,32].

On the other hand, although the DP equation has an apparent similarity to the CH equation, there are major structural
differences between these two equations such as the Lax pair, wave breaking phenomena and the solutions. The isospectral
problem in the Lax pair for the DP equation is the third-order equation [18], while the isospectral problem for the CH equa-
tion is the second order equation [4]. It is worth noting that Lundmark [36] showed that, when x = 0, the DP equation has
not only one peakon solution, u(x, t) = ce*=< but also a shock peakon solution of the form

u(x,t) = ce ™ 4+ sgn(x — ct) 3 j_ = el (4)

where c,s(s > 0) are constants. Moreover, it is recently shown by Escher et al. [21] that the DP equation possesses a periodic
shock wave solution given by

1
sinh (x—[x]-$)
u(x, £) = (Smh(%)t+c> (@) xeR\Z, c>0,

0, xeZ.

Lundmark further extended the multipeakon solution of the DP equation to multi-shockpeakon solution [36]

n n
u(x,t) = m(t)e O 4 " si(t)sgn(x — x;)e ¥l (5)
i-1 i-1
where m;(t), x;(t) and s;(t) stand for the momentum, position and strength of the ith shockpeakon. It is shown that (5) is a
weak solution of the DP equation if and only if m;(t),x;(t) and s;(t),i = 1,...,n satisfy a system of ODEs ((2.4) and (2.5) in
[36]). However, the integrability and the explicit form of above solution are still unclear even for n = 2 case. The only explicit
form available is one shockpeakon solution mentioned above in (4).

Note that these peakons and shockpeakons are not the strong solutions in the Sobolev space H*,s > 3, but the global weak
solutions in H'[20]. Existence of these discontinuous (shock waves, [36]) solutions of the DP equation shows that the DP
equation would behave radically different from the Camassa-Holm equation, but similar to the inviscid Burgers equation,
which implies that a well-posedness theory should depend on some functional spaces which contain discontinuous func-
tions. Indeed, this observation was confirmed by Coclite and Karlsen [11-13]. In [11-13], they proved the global existence
and uniqueness of L' N BV entropy weak solutions satisfying an infinite family of KruZkov-type entropy inequalities. and also
proved existence of bounded weak solutions by an Oleinik-type estimate for L solutions to the DP equation with x = 0.

For the purpose of numerical tests, the explicit form of two-peakon solution u(x,t) = Zlem,»(t)e*"‘*"'“)‘ is listed here.

(1 — 72)*biby
(/l] -+ ;Lz)(i]b] + /lzbz) ’
_ (Jaby + aba)?
Jnla (Albf +Jpb? 4+ 2122, b2> ’

A1+io

x1(t) = log Xy(t) = log(by + by), (6)

o (b] + b2)2
M b% + )zbg + dialy b] b2 '

T1+ia

m (t) m;(t) (7)

with by (t) = b(0)et/*. Here /1, 1, are nonzero distinct constants, and b;(0) and b,(0) are two positive constants.

In the last decade, a lot of numerical schemes have been proposed for the Camassa-Holm equation. These include pseudo-
spectral method [29], finite difference schemes [27,10], a finite volume method [1], a finite element method [43], multi-sym-
plectic methods [14], a particle method based on the multipeakon solutions of the Camassa-Holm equation [6-8,28], an
energy-conserving Galerkin scheme [39], and a self-adaptive mesh method based on an integrable semi-discretization of
the Camassa-Holm equation [40,23]. On the contrary, the numerical methods available for the Degasperis-Procesi equation
are only a few. Coclite et al. proposed several operator splitting schemes for the DP equation and proved convergence of
those finite difference schemes to entropy weak solutions [10]. On the other hand, Hoel investigated entropy weak solutions
of the DP equation numerically by a particle method based on the multi-shockpeakon solutions [26]. It is necessary to con-
struct more effective numerical methods for the Degasperis—-Procesi equation. The purpose of the present paper is to provide
an operator splitting method for the numerical simulations of discontinuous solutions of the DP equation.

The remainder of the present paper is organized as follows. in Section 2, we present the operator splitting strategy, by
which the Degasperis—Procesi equation is decomposed into the Burgers equation and the Benjamin-Bona-Mahony (BBM)
equation. Then, extensive numerical experiments are performed in Section 3. These include peakon propagation and inter-
actions, peakon-antipeakon interactions, shockpeakon-shockpeakon interactions, as well as initial value problems for some
nonexact initial conditions. A good agreement is obtained in comparing exact and numerical solutions. In addition, the the-
oretical results of wave breaking phenomena are verified and explored numerically. Concluding remarks and comments are
given in Section 4.
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2. Numerical method based on operator splitting
2.1. Strategy of operator splitting method

First, we introduce some notations for the use of numerical scheme of the DP equation. Suppose the computational do-
main [0, L] is divided into N + 1 equispaced grid points with spacing Ax = L/N. u} denotes the approximate solution for the
exact solution u(lAx, nAt).

It is known that the DP equation can be written as a hyperbolic-elliptic system

Ur + f(U) + Py =0, P — Py =3K3u+3f(u), (8)
where f(u) = 1u?. Eq. (8) is the starting point for defining weak solutions and proving well-posedness of the DP equation. It is
also an appropriate form for us to design a numerical scheme.

The numerical schemes in [9] are constructed based on Eq. (8). The operator splitting strategy we used is as follows. Let
H:uy and D;u, denote the solution of the Cauchy problems

U +f(u) =0, u(x,0)=ux), 9)
U +Py =0, u(x,0)=up), (10)
respectively.

Note that Eq. (9) is nothing but the Burgers equation, and Eq. (10) is actually equivalent to the Benjamin-Bona-Mahony
(BBM) equation [3]

Ur — Uyee + <3K3u+;u2> =0, u(x0) =upx). (11)
X

by use of Eq. (8).

In summary, the DP equation is decomposed into the Burgers equation and the Benjamin-Bona-Mahony (BBM) equation.
To some extent, this decomposition reflects the mechanisms of shock formation in the DP equation. The construction of the
numerical scheme will also be based on this decomposition. By applying a second order TVD scheme for the Burgers equa-
tion, and a linearized second order scheme for the BBM equation, the Strang splitting method [42] is applied and combine the
two schemes to achieve a second order accuracy for the DP equation. The idea is to solve Egs. (9) and (10) sequentially, and
the numerical solution of the DP equation is constructed as

U™l = Hyy DacHyp 1. (12)

2.2. Second order TVD scheme for the hyperbolic equation

The formation of shock waves lies in the nature of the Burgers equation, which is a prototype equation to test all kinds of
shock-capturing methods. Over the past 30 years, a great deal of progress has been made in this direction, and varieties of
such methods are available. Examples include higher order Total Variation Diminishing (TVD) schemes first proposed by
Harten [25] and Weighted Essentially Non-Oscillatory schemes (WENO).

It turns out that the TVD property of a scheme can be used as a nonlinear stability condition and together with consis-
tency it guarantees the convergence of the numerical scheme [30].

Accordingly, a second order TVD scheme for the Burgers equation is proposed here. First we define

o fu) —flu) 1

Ul*ﬁ*j(uﬁ—umh (13)
and

r _ Aup_q)2

YT

where the index I is used to represent the interface on the upwind side of x,_,:
{ l -1 lf fll >0
I = L
I+1 ifuy <0

Furthermore, by letting 4, = 4.1, a second order TVD scheme takes the form

1
ult =uf - g(f(u?) —fUiy) =5 40 = )@ (T ) (Ul — ) = ¢(ra2) W —uly)), (14)
if 4, > 0 (upwind), or
ult =uf - g(f(ufﬂ) —f)) - %7»1(1 + ) (@ (Ti12) (U = Uf) — d(Tio12) (W) — U y)) (15)

if &, < 0 (downwind).
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Here ¢(r;1,2) are called flux-limiter functions, several popular choices which guarantees the TVD property are
minmod :  ¢(r) = minmod(1,1),
superbee :  ¢(r) = max(0, min(1,2r), min(2, 1)),
MC: ¢(r) = max(0,min((1+71)/2,2,2r))

vanleer: ¢(r) =

(16)

It is observed that minmod is the most diffusive limiter, it corresponds to the lower boundary of the TVD region, while super-
bee is the least diffusive limiter, it corresponds to the upper boundary of the TVD region. All of these produce second order
scheme when the solution is smooth, and reduces to first order at discontinuities.

2.3. Linearized implicit finite difference method for the elliptic equation

We apply a linearized implicit finite difference method as proposed for the KdV equation by one of the authors [22] to the
BBM equation (10). Through the Crank-Nicolson scheme, the BBM equation is discretized as

2 \ut'—ur 3 H
(1 - AX) Tt oA U U 7 ) =0, (17)

where

2.M __ a0 n n n__,n n
U = Uiy = 2w +uiy,  Hap =upy —upy.

The nonlinear part in (17) can be approximated as

8 n

Y+ =2+ <8—£>l AU 4+ O(A?) = U 'ul + O(AE?). (18)
Substituting (18) into (17) yields the following tridiagonal system.

(=s = 0.75p(i> + uf Nuf + (142Ul + (=s +0.75(k> + ul',))ul! =dj. (19)
Here

p= At S= !

AX’ (Ax)?’

and

df = (1+2s)uf —s(uj; +uiy) —0.75pi> (uf; —uf ).

It is noted that we have to compute the coefficient matrix and d;, then solve the tridiagonal system at each time step.

Similar to the analysis in [22], it can be easily shown that the order of linearized implicit method is of O((Ax)?, (At)?). The
method is unconditionally stable upon linear stability analysis. The proof is omitted here.

Since the proposed TVD scheme for the Burgers equation and the linearized implicit method for the BBM equation are
both of the second order for smooth solutions, and the Strang splitting method also gives a truncation error of O((At)?).
Hence, the operator splitting method for the DP equation is a second order method for smooth solutions. This is confirmed
by numerical examples shown in the following subsequent section.

3. Numerical experiments

This section is to present extensive test problems of the DP equation for application of the splitting method. These include
(1) single soliton propagation including the single smooth soliton when k0 and the single peakon when x = 0; (2) Binary
peakon-peakon, peakon-antipeakon, shockpeakon-shockpeakon interactions and a triple peakon-antipeakon-shockpeakon
interaction; (3) Initial value problems for several types of nonexact initial conditions. Periodic boundary condition is em-
ployed, which is conventional for the simulation of wave phenomena. All simulations use a fixed ratio At =1 Axmax |UJ'7\
to assure the CFL condition.

3.1. Single soliton solutions

We first check the accuracy and the order of the splitting scheme by a smooth solution.

Example 3.1. Single smooth soliton: when x # 0 the DP Eq. (1) admits smooth N-soliton solutions in the parametric form
[37], in which a smooth one-soliton solution is of the form
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2i3(a? - 1)(4a2 - 1

u@,t) = ai(cosh &y +2a, —ay?) (20)
Yy o + 14 (0 —1)ex
Xyt =2 ¢ n <a1—1+(a1+1)e51>' 1)

Here

(2a1 — 1) (a1 + 1)
(2a1 + 1)(ar - 1)

o =

The simulations are run in a domain [—20,20] with parameters x = 0.511, kk; = 0.8,y, = 0.0 with 2 grid points. Fig. 1
shows the numerical and the exact solution at t = 10.0 for Ax = At = 0.3125. The initial date is the dashed line. The L, errors
are calculated and are shown in Table 1. Here L., = max |u; — u|, where t; and u; are the numerical and the exact solutions,
respectively. It is obvious that the proposed scheme is of second order for smooth solutions.

Example 3.2. Single peakon solution:
u(x,t) = ce -l (22)

is a solution for the DP equation when x = 0. The profile uq(x) = u(x,0) yields the initial condition. For our numerical sim-
ulations, we choose ¢ = 1 and the computation domain to be [-10,10].

For N = 256, Table 2 compares the errors in the L-norm and two of the conservative quantities Iy = [u(x)dx and
I, = [u3(x)dx for different flux limiter functions at t = 4.0. Here E; = (I; —I;)/I; and E; = (I, — I,)/I; indicate the relative
errors in I; and I,. I; and I;(i = 1,2) stand for the numerical and exact values for the conserved quantities. Simpson’s rule was
employed for the numerical quadrature of the integrals.

From Table 2, we can conclude that superbee limiter function gives a relatively better result. We next consider the rate of
convergence of the scheme for the single peakon problem. Table 3 displays the relative errors in Iy, I5, L..-norm and an order
estimate at t = 4.0. The superbee limiter function is used.

3.2. Interactions for peakons and shockpeakons

Example 3.3. Peakon-peakon interaction: it is shown in [36] that the DP equation has a two-peakon solution in the form of
(6) and (7) when x = 0. In the test problem, the parameters are chosen to have two peakons of amplitudes A; = 2.0 and
A, = 1.0 initially located at x; = —13.792 and x, = —4.0, respectively. Then the interaction of these two peakons are solved
numerically on a domain [-20,20]. We use two different grid points N = 512, 1024 and set the time step to assure the CFL

0.6

T T

+ Approximation
— — Initial profile
— Exact

0.5

0.4f

0.3f

u(t,x)

0.2

0.1F

0. . . . . . . .
—120 -15 -10 -5 0 5 10 15 20

Fig. 1. Numerical solution of one smooth soliton solution.
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Fig. 3. Snapshots for the interaction of two peakon solutions (a) t = 0.0; (b) t =8.0; (¢) t =10.0; (d) t = 13.0.
Table 4
Errors for two peakon interaction.
Time Ax Eq E, L Order
t=2.0 40/512 —5.06 x 1074 3.25x10°° 9.5444 x 1072
40/1024 —629x 1074 295x107° 3.9710 x 1072 24035
t=4.0 40/512 —246x 1074 6.27 x 107> 8.1185 x 1072
40/1024 -639x 1074 6.28 x 10> 4.8175 x 1072 1.6852
t=6.0 40/512 —430x 1074 477 x 1073 6.1916 x 1072
40/1024 —6.61x1074 928 x 1072 4.2976 x 1072 1.4407
t=8.0 40/512 —3.49x 1074 5.76 x 1073 5.0201 x 1072
40/1024 —6.65x 1074 1.18 x 1072 2.9882 x 1072 1.6802
t=10.0 40/512 -322x107* 6.48 x 10> 6.2800 x 1072
40/1024 —6.63 x 1074 1.45 x 1072 4.8910 x 1072 1.2840

collision process before and after the collision. As mentioned in [36], I5 is not a conserved quantity anymore. So in Table 5 we
list the errors in I; and L., at different times. It is worth noting that a convergence rate of about 1.0 is achieved once the
shockpeakon is formed. This fact shows that the proposed method is especially effective for the simulations of discontinuous
solutions.

For the nonsymmetric peakon-antipeakon interaction, the parameters are chosen as follows:
41 =0.5,2; = —1.0,b;(0) = 0.0015, b,(0) = 148.4177. Thus, initially, a peakon of amplitude 2.0 and an antipeakon of ampli-
tude 1.0 are located at x; = —5.0 and x, = 5.0, respectively. Based on the results by Lundmark [36], two-peakon solution
holds until t < t. = 3.3626. At t = t,, a moving shockpeakon is formed at x = 1.8526. One can calculate the momentum

and the shock strength: m = 2;' + 4,' = 1.0, 5= 1/—4;'4,' = 1.4142. The shockpeakon moves with a velocity of m = 1.0.
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Fig. 4. Peakon-antipeakon interaction in the symmetric case: (a) before the collision; (b) after the collision.

The above theoretical predictions are confirmed by our scheme with good accuracy. Fig. 5 shows the snapshots of the numer-
ical solutions before and after the collision. Table 6 displays the errors in L., and E; for a fixed grid points N = 1024 in a com-
putation domain [-15,15].

Example 3.5. Shockpeakon-shockpeakon interaction: as mentioned in [36], the shockpeakon dynamics still remains an open
problem. Even for the case of n =2, it is unclear whether the ODE system is integrable or not. There are difficulties in
simulating the ODE system because the system behaves badly. However, the shockpeakon collisions can be studied through
simulating the DP equation directly. To this end, we show an example whose initial condition is set to be

u(x,0) =

with m;(0) = 2.0,5:(0) = 1.0,m,(0) = 1.0,5,(0) = —0.5,x,(0) = —5.0 and x,(0) = 5.0. The numerical solutions is shown in
Fig. 6 at different times, which clearly show that two shockpeakons merge into one shockpeakon at t ~ 3.5, then the result-
ing shockpeakon gains a momentum of m = m; + m, = 1.0 and moves to the right with velocity 1.0, following the solution

(4).

2
=1

2
m;(0)e ol % " 5,(0)sgn(x — xig)e * o, (23)
i=1

Example 3.6. A triple collision: a triple collision among two symmetric peakon-antipeakons and one stationary shock peakon
were studied theoretically by Lundmark in [36] and numerically by Coclite et al. in [9]. The initial condition for this case is

u(x,0) = e "3 1 sgn(x)e ™ — g3, (24)

The exact solution will be a triple collision among a peakon, an antipeakon and a shockpeakon at t = t. ~ 5.32 and x = 0. For
t > t. the solution will merge into one single shock peakon.
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Table 6
Errors for peakon-antipeakon interaction in the nonsymmetric case.
t=2 t=3 t=4 t=5 t=26
Ey —-5.85x107° 5.87 x 107° 753 x1074 435x107° 3.25x 1074
Lo 3.66 x 1072 4.95 % 1072 4.84 x 1072 3.81 x 1072 2.89 x 1072
3 T T T T T T —
a t=3.0
2.5¢ t=2.0
t=0
2 L 4

u(x,t)

-20 -15 -10 -5 0 5 10 15 20
X

b -~ t=35

- t=5.0

t=8.0
2.5¢ - =100 ||
2 L 4
1.5¢ 1

u(x,t)

0.5f

-0. . . . . . . .
—%O -15 -10 -5 0 5 10 15 20
Fig. 6. The snapshots for the interaction between two shockpeakon solutions: (a) before the collision; (b) after the collision.

The simulations are carried out in a domain [—10,10] with 2™ equispaced grid points up to t = 8.0. In Fig. 7, we show a 3D
plot of the numerical solution by using 28 grid points. Since an (almost) exact solution is available [36], we computed the
relative L, error, defined by

Jut — gt
Lﬂi‘7 (25)
>ilufl

where uf' and ] denote the exact solution and the numerical solution at jAx, nAt, respectively. The results are reported in

Table 7.

L; = max

3.3. General initial value problems

We compute the time evolutions of the DP equation starting from several non-exact initial conditions. The value of « is
assumed to be zero except the last example.
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Fig. 9. The numerical solution from initial condition (26) with d = 2.0.

The results of wave breaking phenomena for the DP equation [33] give an explanation of the above intriguing fact. One
can easily calculate

Up(X) — Ugx(X) = sech?®[d(x — Xo]((1 — 4d”) + 6d°sech®[d(x — Xo]), (27)

which remains positive if d < 1/2, and changes the sign if d > 1/2 for certain values of x. Accordingly, wave breaking does
not occur when d = 0.3, but it occurs, and a shockpeakon is developed for d = 2.0.

Example 3.8. An example whose initial condition given by

0.5x2

Up(x) = e"> sin(mx), xe€[-2,2] (28)

is computed. Fig. 10(a) and (b) shows the computed solution up to t = 1.3, which agrees with the numerical results in [9]. It
is checked here that mg(x) = uo(x) — toxx(x) changes the sign from positive from negative at x ~ +1.22. Therefore, we remark
that the breaking of the initial continuous wave, leading to the formation of two shock waves, can be theoretically explained
by the result in [33].

3.3.2. Other general initial value problems
To compare with existing numerical methods of the DP equation, we further compute several examples.

Example 3.9. We consider a discontinuous initial condition

Uo(X) = 2€" Y (_o0)(X) +2)(0.1)(X)- (29)

The evolution is numerically solved in a domain [—5,15] with 2" equispaced grid points. Fig. 11 shows the numerical solu-
tions at t = 2.0, 5.0, together with the initial profile. The L; errors and the rate of convergence are illustrated in Table 8. Since
the exact solution is unknown, the numerical solution with 2'° grid points is used as a reference solution.

Example 3.10. An algebraically-decayed initial condition given by

2

U(X) = —— 30
0( ) 1 + X2 ( )
is computed on a domain [—30,30] with N = 2" grid points. Similar to Example 3.9, the L, errors are calculated by using the
numerical solution of N = 1024 as the reference solution. The results are showed in Table 9. Fig. 12 shows the numerical

solution at t = 2.0, 5.0.

Example 3.11. In the last example, we show the evolution of the initial condition (26) is very different for x # 0. The param-
eters in the initial condition are d = 0.1,xo = —50, and the computation domain is [-100,100]. The value of k is chosen as
0.01, which implies a very small dispersion term, corresponding to the dispersiveness DP equation. The initial profile and the
approximate solution at t = 60 are shown in Fig. 13. This result is similar to the result of the dispersiveness CH equation [23],
i.e. a peakon train is generated.
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u(x,t)

u(x,t)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X

Fig. 10. The snapshots for the time evolution of the initial condition (28).

25 T T T

o n
N O

u(t,x)

Fig. 11. The numerical solution from initial condition (29).
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Table 8
Errors for numerical solution of (29).
Time Ax Ly Rate of convergence
t=2.0 20/64 3.88 x 10!
20/128 114 x 107! 3.4035
20/256 4.05 x 102 2.8148
t=50 20/64 7.67 x 107!
20/128 1.44 x 107! 5.3264
20/256 486 x 1072 2.9629
Table 9
Errors for numerical solution of (30).
Time AX Lq Rate of convergence
t=2.0 20/64 4.06 x 107!
20/128 2.12x 107! 1.9151
20/256 160 x 10! 1.3250
t=5.0 20/64 1.11 x 10°
20/128 6.33 x 107! 1.7536
20/256 328 x 107! 1.9299
25 T T T T T
---t=0
--t=2
— t=5
2 - 4
1.51 k
X
=1
1 - 4
0.5¢ R
—%O -20 -10 0 10 20 30

Fig. 12. The numerical solution from initial condition (30).

u(t,x)

0250 -50 0 50 100

Fig. 13. The numerical solution from initial condition (26) with d = 0.1 and x = 0.01.
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4. Concluding remarks and comments

We proposed an operator splitting method for the DP equation, by which the DP equation is decomposed into the Burgers
equation and the BBM equation. We apply a second order TVD scheme to the Burgers equation, and a linearized implicit fi-
nite difference method of the second order for the BBM equation. Then, the Strang splitting method is used to construct the
solution in one time step. Therefore, the proposed operator splitting method is a second order method for the smooth solu-
tion. The method also deals with the discontinuous solutions such as peakon and shockpeakon and the wave breaking phe-
nomena with good accuracy.

We carried out extensive numerical computations with various initial conditions, and summarized the results as follows:

. The method is of second order and is confirmed by a single smooth soliton solution.

. The numerical solutions of one peakon propagation and two-peakon interaction are in good agreement with exact
solutions.

3. The operator splitting method captures the formation and propagation of shockpeakon with good accuracy.

4, The operator splitting method catches the wave breaking phenomena well, and verified the theoretical prediction.

N =

In conclusion, the proposed splitting method is an effective method to deal with both smooth and discontinuous solutions
of the DP equation. It is expected to be used as a tool to study the rich wave phenomena of the DP equation, along with some
theoretical methods.
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